The radial displacement of a fluid annulus in a rotating circular Hele-Shaw cell has been investigated experimentally. It has been found that the flow depends sensitively on the wetting conditions at the outer interface. Displacements in a prewet cell are well described by Darcy's law in a wide range of experimental parameters, with little influence of capillary effects. In a dry cell, however, a more careful analysis of the interface motion is required; the interplay between a gradual loss of fluid at the inner interface, and the dependence of capillary forces at the outer interface on interfacial velocity and dynamic contact angle, result in a constant velocity for the interfaces. The experimental results in this case correlate in the form of an empirical scaling relation between the capillary number Ca and a dimensionless group, related to the ratio of centrifugal to capillary forces, which spans about three orders of magnitude in both quantities. Finally, the relative thickness of the coating film left by the inner interface, ␣ i , is obtained as a function of Ca.
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I. INTRODUCTION
The study of fluid flows in the narrow gap between two parallel plates ͑Hele-Shaw cell͒ has been a subject of sustained interest since the pioneering work of Saffman and Taylor. 1 The simplicity of the equations describing the flow, which lead to Darcy's law, in contrast with the rich phenomenology observed, has stimulated the interest of researchers in exploring the problem both theoretically and experimentally. 2, 3 Most of the situations studied correspond to the evolution of an interface between two fluids of different viscosity and/or different density, in the presence of a pressure field.
In both the channel and the circular ͑axisymmetric͒ geometry, most efforts have focused on the case where the less viscous fluid displaces the more viscous one. [4] [5] [6] [7] [8] In particular, all the theoretical efforts to prescribe appropriate boundary conditions at the interface have considered the less viscous fluid as the invader. 9 In the opposite scenario, studied here, a more viscous fluid displaces a less viscous fluid, and the interfacial instability is driven by the density contrast between the two fluids in the presence of gravity 1, 10 or a centrifugal force. 11, 12 Related to this problem, Elliot and Riddiford 13 studied the dynamic contact angle D when oil displaces air in the circular geometry. Cardoso and Woods 14 focused their attention on the problem of a fluid annulus confined between two other fluids of different viscosity and displaced by the inner fluid. In this configuration one interface of the annulus may become unstable, and the interplay between the two interfaces gives rise to a new phenomenology. A similar situation can be established if a fluid annulus is rotated around its vertical axis in a circular Hele-Shaw cell. Modifying the different adjustable parameters of the experiment, a variety of phenomena can be explored depending on whether none of the two interfaces, one of them or both become unstable. This kind of investigation was suggested by Melo et al. 15 in their work on the evolution of rotating drops, extended to viscoelastic fluids by Spaid and Homsy 16 some years later. Before pursuing a study of the instability, however, it is important to achieve a thorough understanding of the regime for which the annulus evolves in a stable manner. This regime turns out to be interesting by itself, because the evolution of the circular annulus does not follow from the HeleShaw equations in a trivial way. Basically, there are two new aspects to consider ͑i͒ the formation of a fluid film behind the inner interface as the annulus moves radially, which may result in a gradual mass loss, and ͑ii͒ the wetting conditions encountered by the advancing outer interface, particularly the influence of the front velocity on the contact angle. 13, 17, 18 Although these ingredients make the problem rather complex from a theoretical point of view, we have found that experimental observations can be collapsed in a robust and relatively simple way, which provide a firm basis for a rigorous theoretical approach. Consequently, we have chosen to restrict the present paper to the study of the radial displacement of the rotating annulus in the stable regime, and leave for a second paper 19 our results on the linear and nonlinear regimes of the fingering instability experienced by the two interfaces of the annulus.
The outline of the work is the following: Sec. II presents a description of the experiment, a discussion of the necessary conditions for the formation of the fluid annulus in a rotating Hele-Shaw cell, the equations for the flow in the HeleShaw approximation, and their solution for the velocity field in the bulk of the liquid phase. In Sec. III we describe the experimental procedure, study the influence of wetting on the flow through the boundary conditions, and present the experimental results. The results are discussed in Sec. IV, and the conclusions given in Sec. V.
II. RADIAL DISPLACEMENT OF A ROTATING FLUID ANNULUS

A. Description of the experiment
The Hele-Shaw cell used in the present investigation is made of two circular glass plates of thickness 6 mm and radius 200 mm, placed on top of each other, separated a distance b by means of appropriate spacers located on the edge of the cell, which is open to air ͑Fig. 1͒. The cell is placed on a sturdy rotating platform driven by a dc motor and reductor. Details of both the experimental setup and the image acquisition system can be found in Ref. 12 . The fluids used are ͑i͒ a silicone oil ͑Rhodorsil 47 V͒ of kinematic viscosity ϭ50 or 500 mm 2 /s, density ϭ998 kg/m 3 , and surface tension ϭ20.7 mN/m at 25°C, and ͑ii͒ a vaseline oil of ϭ150 mm 2 /s, ϭ870 kg/m 3 , and ϭ29.3 mN/m at 25°C. The kinematic viscosity is related to the dynamic viscosity by ϭ/. The oils wet the glass plates well. They are injected into the cell by means of a syringe pump through a central orifice of radius R A ϭ4 mm machined in the upper plate. As the liquid enters the cell, a circular drop forms in the narrow gap between the two plates and is let to grow up to a prescribed radius L. At this stage injection ends, and the cell is set to rotate with angular velocity ⍀. Both interfaces move outwards due to centrifugal forces.
B. Conditions for the formation of the fluid annulus
A first question to consider is the possibility of forming a fluid annulus from a circular drop placed at the center of a rotating cell. The conditions for an initially compact fluid drop to shrink along the vertical direction, at the center of the drop, and break up to form a fluid annulus, are the following. The pressure applied on the liquid surface at the central orifice of the upper plate must be large enough to bend the surface until it touches the lower plate. In these conditions, the curvature of the central part of the drop will be R A ϭ2b/(b 2 ϩR A 2 ) provided R A Ͼb. The pressure required to achieve this curvature is p R A Ӎ R A . Since the pressure due to inertial forces when the cell rotates around its central axis is given by
͑1͒
Once formed, the condition for the annulus to move outwards is
because there is no viscous pressure ͑the initial velocity of the interfaces is zero͒ and the only pressure difference is due to capillarity. Since R A ӶL, satisfying Eq. ͑2͒ implies satisfying Eq. ͑1͒ as well. For a drop of initial radius L ϭ30 mm and ϭ50 mm 2 /s the threshold given by Eq. ͑2͒ is ⍀Ӎ30 rev/min, in good agreement with our observations.
C. Modeling
In the Hele-Shaw approximation the velocity field in the bulk of the fluid, averaged in the direction perpendicular to the plates, obeys Darcy's law,
where
͑4͒
when the fluid rotates with angular velocity ⍀, and j indexes the two fluids ͑1: air, 2: oil͒. For an incompressible fluid, Darcy's law takes the form
The validity of the Hele-Shaw approximation in our problem is justified by the small values of Reynolds and Rossby number, ReϭU r b 2 /LϽ0.02 and RsϭU r /⍀LϽ0.03. Here, U r represents a typical radial velocity in the problem.
Boundary conditions are first stablished by the pressure jump at the two interfaces;
where the index i refers to the inner interface and the index o to the outer interface. Ќ and ʈ are the curvatures of the interface in the directions perpendicular and parallel to the plates, respectively. The curvatures are given by
where the dimensionless coefficients ␥ account for possible influences of the coating film left behind the inner interface and variations of the contact angle of the advancing outer interface.
The continuity of the normal velocity across the two interfaces leads to a second set of boundary conditions ͑see 
The first one expresses the condition that, at the inner interface, the normal velocity of the air meniscus is larger than the velocity in the bulk of the liquid predicted by Laplace's equation by a factor 1/(1Ϫ␣ i ). This effect is due to the two coating films ͑one on each plate͒ left behind the inner interface, of thickness b␣ i /2. 20, 21 Actually, the form adopted for this term is valid for a coating film at rest. When the motion of the coating film is taken into account there are corrective terms of the order (␣ i /2) 2 to be considered, and the density of the fluid in the potential 2 must be replaced by an effective density 2 *ϭ(1ϪB) 2 , where Bϳ(␣ i /2) 3 . 1 In the limit ␣ i Ӷ1, however, these corrections are negligible. The second equation in ͑8͒ expresses an equivalent condition for the outer interface, which may either absorb fluid from two wetting films of thickness b␣ o /2 ͑if the plates have been prewetted before the experiment, as explained in Sec. III͒, or move in a dry cell (␣ o ϭ0).
The last condition to consider is the conservation of the total mass of liquid during the displacement of the annulus. The mass of liquid in the annulus is given instantaneously by bL 2 (t)ϭb(r o 2 Ϫr i 2 ). Therefore, the fluid mass in the annulus changes in time according to
Using the boundary conditions given in Eq. ͑8͒, and the fact that in the bulk of the liquid the solution of Laplace's equation ͑5͒ leads to vϳ1/r for r i Ͻr Ͻr o , we get
This result shows that the mass of liquid in the annulus is conserved only if ␣ i ϭ␣ o , i.e., if the thickness of the wetting films is the same at both inner and outer interface. If ␣ i Ͼ␣ o , the amount of liquid between the two interfaces decreases with time.
To derive the radial velocity of the flow in the bulk of the liquid, notice that the velocity potential of the axisymmetric problem given by Eq. ͑5͒, expressed in planar polar coordinates, is j ͑ r ͒ϭA j ln rϩB j . ͑11͒
Using Eq. ͑3͒, the radial velocity field ͑averaged along z͒ is given by
The boundary conditions ͑6͒ can be used to determine the constants A j in Eq. ͑12͒. The potential can be considered constant for air. Dropping then the subscripts, because all the parameters refer now to fluid 2, we get for the velocity field in r,
where the condition L 2 (t)ϭr o 2 Ϫr i 2 has been used in the denominator.
III. EXPERIMENTAL PROCEDURE AND RESULTS
We have performed experiments with gap spacings b ϭ0.25, 0.50, 0.81, 1.00, 1.94, and 2.94 ͑Ϯ0.05͒ mm, angular velocities ⍀ 0 ϭ30, 60, 90, 120, 150, 180, 210, 240, 270, and 300 rev/min, and initial radii L(0) between 15 and 120 mm.
Special care has been taken in cleaning the Hele-Shaw cell before starting a new experiment. Oil traces have been removed using blotting paper. The plates have been thoroughly cleaned with soap and water, rinsed with distilled water and acetone, and finally dried with a jet of pressurized air. The cleaning is performed in random circles to avoid any preferential wetting direction on the plates.
The experiments can be classified into two large classes, depending on the wetting properties of the plates resulting from two different initial preparations. In the first class, the two inner surfaces of the cell plates are previously wetted with a thin oil layer in the following way: oil is slowly injected into the motionless cell, up to a radius of about 100 mm; next, the turning platform is switched on at low speed ͑between 40 and 60 rev/min͒, and the oil bubble spreads in the form of an annulus, which grows until the inner circular interface leaves the cell at the open boundary. In this way, the cell is prewetted with a thin oil layer on each plate. To avoid the subsequent formation of oil drops on the plates, a new fluid annulus is formed immediately by additional oil injection, and the experiment is started. In the second class of experiments, the plates are left dry. Figure 3 shows the different evolutions of the two fluid annulus prepared in identical experimental conditions, one in a prewet cell and the other in a dry cell. 
A. Displacement in a prewet cell
When the displacement takes place in a prewet cell, two approximations can be reasonably made. The first approximation is neglecting capillary forces in front of inertial forces. There are two reasons for this: ͑i͒ dynamic contact angles at both interfaces are close to zero ͑full wetting͒ and therefore the term Ќi Ϫ Ќo , which behaves as (2/b) ϫ(cos Di Ϫcos Do ), is very close to zero; ͑ii͒ the term ʈ i Ϫ ʈ o behaves as 1/r, and hence it is also close to zero practically from the formation of the drop. Notice that we neglect the net contribution of capillary forces when the two interfaces are considered at the same time, but capillary forces at each individual interface are responsible for their stability. The second approximation is to consider L 2 (t) constant, at least for a large fraction of the experiment. The reason now is that in a prewet cell the mass transferred to the oil film left behind the inner interface of the advancing annulus is balanced to some extent by the mass gained from the wetting layer by the outer interface ͑Fig. 2͒. Our measurements show that the loss of fluid in the annulus in the early and intermediate stages of the run is negligible, and only at the end increases to about 10% maximum.
With these approximations in mind, the velocity in the fluid phase at the inner interface, derived from Eq. ͑13͒, reads
At this point, we take the additional approximation that in the prewet cell the velocity v i of the inner interface is well approximated by v(r i ). Actually, according to Eq. ͑8͒, v i is larger than v(r i ) by a factor 1/(1Ϫ␣ i ), where ␣ i , on its turn, depends on v(r i ). Our results will show that this correcting factor is very close to one, except for the latest stages of the runs where the other approximations fail as well.
With this additional approximation, we can integrate Eq. ͑14͒ between tϭ0 and t, assuming that ⍀ reaches the steady value ⍀ 0 instantaneously at tϭ0. We make the variables dimensionless through the changes rϭr/L and t ϭ(b 2 /12)
Since r i (0)ϭ0, we arrive at
Using the approximation a ln(aϩ1)Ϫa ln aӍ1 for aӷ1, this equation reduces to r i 2 ϭe t Ϫ1. The position of the outer interface is related to the position of the inner interface by the condition of mass conservation r o 2 ϭ1ϩr i 2 . It should be noted that, in the experiments, the turning platform cannot reach the angular velocity ⍀ 0 instantaneously. There is a short transient interval at the beginning of each run where ⍀ rises from 0 to the steady value ⍀ 0 . The Appendix shows that the influence of this transient interval is captured by replacing t with a function f (t), dependent on ⍀ 0 , which only modifies the time axis at very short t ͑from 1 to 10 s͒ when ⍀ 0 is very large ͑from 150 to 300 rev/min͒. The evolution of inner and outer radii with time in our experiments is shown in the insets of Figs. 4 and 5. Interface velocities cover a range between 9 and 40 mm/s. The result of scaling the measurements following the procedure described above is also shown in the figures. The collapse is remarkable. The measured positions of the meniscii closely follow the behavior predicted by Eq. ͑15͒, up to a dimensionless time around 0.9. At later times the theoretical line rises faster than most of the measurements.
B. Displacement in a dry cell
The evolution of inner and outer radii in a dry cell is shown in Figs. 6 and 7 . While the equations describing the Hele-Shaw flow would predict a nearly exponential growth of both radii at long times ͑experimentally confirmed in a prewet cell͒, the experiments in a dry cell systematically show a linear dependence. The figures reveal that our experimental data cannot be collapsed now using the same dimensionless length and time than in Sec. III A. Since the velocity of the inner interface remains constant in time ͑except for an initial transient interval in which it experiences a singularity associated with breaking the drop, very short compared to the time scale of the experiment͒, the capillary number Caϭv i / ͑ratio of viscous to capillary forces͒ turns out now to be very suitable to characterize the experiments.
In dry conditions, the mass lost by the annulus is directly related to the fluid films left behind the inner interface. Hence, a reliable estimate of ␣ i ͑the relative thickness of the two inner coating films, assumed to be constant͒, can be obtained from a fit of Eq. ͑10͒ with ␣ o ϭ0 ͑dry conditions͒, L 2 (t)ϭL 2 (0)Ϫ␣ i r i 2 (t), to measurements of the surface area of the annulus as a function of inner radius. A typical result is shown in the inset of Fig. 8 . The measurements of L 2 follow well the quadratic dependence on r i expected for constant ␣ i . A log-log plot of the ␣ i obtained in this way against Ca, for the complete set of experiments with silicone oils in dry conditions, is shown in Fig. 8 . Figures 9, 10 , and 11 present the capillary number obtained when the only parameter modified from one experiment to another is ⍀ 0 ͑angular velocity of the cell͒, L(0) ͑initial radius of the drop͒, and b ͑gap thickness͒, respectively. The three plots show a power law dependence of Ca on the modified parameter. These results suggest an empirical relation between the capillary number Ca and a dimensionless combination of different experimental parameters,
, ͑16͒
where we have rounded the exponents for convenience. When all the experimental data for the silicone oils obtained in dry conditions are represented in this form, Fig. 12 shows that they collapse remarkably into a single straight line for about three orders of magnitude in both Ca and the dimensionless group (b/L) 2 S 5/4 . To check the dependence on and , we have also performed experiments with vaseline oil and scaled them in the way proposed. Figure 12 shows that both fluids scale with the same combination of parameters and the same proportionality constant. 
IV. DISCUSSION
Although our experiments have explored the same range of capillary and centrifugal forces in both prewet and dry conditions, the results show that the radial displacement of the annulus is very different in these two cases. The purpose of this section is to discuss how the wetting conditions at the leading interface modify the flow.
We discuss first the flow in prewet conditions. In this case our experimental results show that mass losses are negligible, except at the latest times. This means that the loss of fluid at the trailing interface ͑in the form of two coating films left behind this interface, one on each glass plate͒ is balanced by the fluid recovered from the plates at the leading interface. This being the case, the dynamic contact angles at r i and r o must be very similar ͑full wetting ensures that they will be close to zero͒. Hence, the contribution of capillary forces to the radial velocity due to the curvature of the interfaces in the vertical direction ͑perpendicular to the plates͒, which is given by ( Ќi Ϫ Ќo )Ӎ(2/b)(cos Di Ϫcos Do ), vanishes. This explains why the results in prewet conditions can be scaled without using the surface tension . This is no longer true in the long time limit, however, for which Figs. 4 and 5 already show deviations from the behavior predicted by Eq. ͑15͒; at large radii, mass losses are appreciable even in prewet conditions. It must be mentioned also that, similarly, experiments carried out in the extreme limit of small initial radii L and large ⍀ show the annulus to become progressively thinner, due to mass losses, until the meniscus breaks and only a fluid film remains on each plate.
The dry cell conditions modify the behavior of the leading ͑outer͒ interface for two main reasons. First, in a dry cell the annulus has no fluid income through this interface. As a result, L decreases appreciably with time, and the motion of the annulus becomes dependent on initial conditions-in the sense that a different velocity is measured for a drop of initial outer radius L(0), for example, than for an annulus that has evolved up to an area L 2 (0). The results shown in Fig.  10 confirm this observation. A gradual loss of fluid slows down the trailing interface ͑in comparison with its motion in conditions of mass conservation͒ as shown by Eq. ͑13͒. Opposite to this effect is the effect of the wetting films left by the trailing interface, which according to Eq. ͑8͒ increase the velocity of this interface. This last effect, however, is also present in prewet conditions, and seems to be of secondary importance. In particular, notice that the coating thickness ␣ i ͑which can be measured only in dry cell conditions͒ seems to depend solely on Ca. The second and presumably most important reason is that the contact angle between the leading interface and the glass plates depends sensitively on the velocity of the flow. For small Ca the dynamic contact angle follows Tanner's law, 22 D ϳCa 1/3 . As Ca increases, the dynamic contact angle increases correspondingly and may become larger than /2, which represents an inverted meniscus.
13, 17 Hoffman 17 in particular shows that the reversion of the meniscus is attained already at moderate Ca. In conclusion, the contact angles of the meniscus at the leading interface admit large variations, while at the trailing interface remain always close to zero ͑full wetting͒. It is for this reason that the difference in pressure jump between the two interfaces, in dry conditions, admits variations between 0 and 4/b, which indeed have a large influence on the velocity of the annulus ͓Eq. ͑13͔͒.
Once it is recognized that the role of capillary forces on the radial displacement of the annulus is negligible in prewet conditions, but may be very relevant in dry conditions, the need of introducing a new dimensionless number to scale the results in dry conditions seems natural. The number chosen, Sϭ⍀ 2 L 3 /, represents a balance between centrifugal and capillary forces. It appears naturally in several problems of interfaces subjected to centrifugal forces. 11, 12, 15 Our results on ␣ i are consistent with the power-law dependence ␣ i ϳCa x derived analytically for low Ca. 9,20 A comparison with Reinelt's numerical predictions included in Fig. 8 shows good agreement with our absolute values of thickness in the range of Ca where they overlap, particularly remarkable considering that the comparison does not make use of any adjustable parameter. The discrepancies at the largest Ca, which in any case are subject to large experimental uncertainties, may be due to the dispersion of the coating film under the influence of centrifugal forces.
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V. CONCLUSIONS
The radial displacement of a stable fluid annulus in a rotating Hele-Shaw cell is strongly influenced by the wetting conditions encountered by the advancing interfaces.
When the fluid front moves in a prewet cell, the amount of fluid in the annulus remains practically constant. In a wide range of experimental parameters, the flow is very well described by Eq. ͑15͒, which disregards capillary effects.
When the interface advances in dry plates, on the contrary, the flow is strongly influenced by the mass loss at the inner interface and by capillary effects at the outer interface. Instead of increasing with time, the velocity of the inner interface remains constant; this enables us to define a capillary number Ca characteristic of the flow. We have found experimentally that the two dimensionless numbers representative of the relevant forces in the problem, Ca and S, keep a relatively simple relation for a very wide range of experimental parameters and for two different fluids. This relation arises from an interplay between three effects; the formation of a coating film, which increases the velocity of the inner meniscus; the mass loss, which slows down the annulus; and the effects of capillary forces, whose influence depends on dynamic contact angles.
The relationship found between Ca and S, firmly supported experimentally, requires a theoretical explanation. It raises interesting questions about the role of dynamic contact angles on fluid flows in the Hele-Shaw approximation.
The thickness of the coating film left by the inner interface, ␣ i , is found to depend on Ca in a way consistent with previous theoretical and numerical predictions.
The phenomena studied in this work are relevant for the stability of the fluid annulus. The interfacial instabilities experienced by the rotating annulus will be the subject of a forthcoming paper.
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APPENDIX: INFLUENCE OF THE INITIAL ACCELERATION OF THE ROTATING CELL
Equation ͑15͒ has been obtained in the assumption that the rotating cell achieves the preset velocity ⍀ 0 instantaneously. Actually, in our experimental setup there is a transient from ⍀ϭ0 to the steady value ⍀ 0 , which is well represented by the following dependence of ⍀ on t:
where ϭ1.2(300/⍀ 0 ) 2.5 , and both ⍀ and ⍀ 0 are given in rev/min. In general, for most experiments, the transient time is negligible. Nevertheless, there are a few experiments in which the transient time becomes comparable to the time of the experiment. In this case, we must integrate Eq. ͑14͒ between tϭ0 and t taking into account that ⍀ϭ⍀(t), 
͑A2͒
The function f (t) stands for
Ϫt ͪ .
͑A3͒
It is not difficult to check that f (t)→t in the limit →ϱ, i.e., when ⍀ϭ⍀ 0 . Equation ͑A2͒ shows that all the temporal dependence of the moving interface is given by f (t). Consequently, it is natural to represent the evolution of the interfaces as a function of f (t), rather than as a function of t.
